Neoclassical theory with the impurity rotational velocity is used to evaluate the radial electric field, E r , in tokamaks. The result of using the complete matrix method for the deuterium-carbon plasma is compared with a reduced analytic formula for determining E r [Ernst et al., (1998)]. The analytic formula is shown to overestimate the E r magnitude and its gradient. Two transport measures of the effect of the E r shear are compared for the reverse shear and enhanced reversed shear discharges in TFTR [Mazzucato et al., (1996)]. We show that the combined E r and magnetic shear measure, Υ s , from linear stability theory gives a higher correlation with the observed transition between the two discharges than the vorticity measure ω s from E r shear alone.
Introduction
The radial electric field, E r , in tokamak is thought to play an important role in achieving various improved plasma confinement modes of tokamak operation, such as the high-confinement mode (H-mode) [1] and the enhanced reversed shear mode (ERS) [2] . Various studies have shown that the radial electric field shear may reduce the turbulent transport level and thus improve the plasma confinement. Therefore, it is important to determine the radial electric field profile in order to study the specific correlation between its structure and the onset of different improved confinement modes.
Experimentally, E r could be measured using the heavy ion beam probe (HIBP), an expensive method that was used in TEXT [3] , but is not practical on high magnetic field (B ≥ 4T) machines. The radial electric field could be also determined by measuring the quantities required to infer E r from the lowest order radial force balance equation for each single ion species,
where ion species has charge Z i , density n i , pressure p i , and poloidal and toroidal fluid velocities u θi and u φi ; B θ and B φ are poloidal and toroidal components of magnetic field in tokamak. Such method has been used in DIII-D to measure the E r around plasma edge region in an L-H transition experiment [1] . A similar approach has also been employed to determine E r by measuring the toroidal velocity and calculating the poloidal velocity.
This method was developed in the 13M approximation [4] and the 21M approximation [5] by using the conventional multi-ion species neoclassical theory [6] . We used this method in both approximations to compute E r numerically, and found that the difference in the magnitude of E r by using the two approximations is less than 5%. In the low impurity density approximation, a relatively simple analytical formula was obtained by Ernst for E r [4] . We compared the E r from the analytical formula and the numerical solution. Due to the relatively high concentration of the impurity (carbon) in the discharges considered here, the analytical result does not agree well with the numerical results. For these reasons, neoclassical theory in 13M approximation is used to compute E r numerically throughout this paper.
In a conventional tokamak magnetic configuration, the radial profile of the safety factor q usually has its minimum value at, or close to, the magnetic axis and increases monotonically outwards. In reversed magnetic shear (RS) configurations, negative magnetic shear is introduced around the magnetic axis and the minimum of q(r) moves outward. Theory shows that the RS could suppress geodesic curvature driven microinstabilities [7, 8] , which then results in improved confinement in central region. In 1996, an even higher performance tokamak discharge from the RS configuration was obtained in TFTR, which occurred after a bifurcation from the RS confinement mode to a state with an internal transport barrier, while there was almost no change in the q(r) profile [2] . This state is therefore called the enhanced reversed shear (ERS) mode. The q(r) profiles for the TFTR RS and ERS discharges are shown in Fig. 1 , which are obtained from the U-files of TRANSP runs #88299a08 and #88299a20. One hypothesis is that, in the presence of the RS configuration, the radial electric field evolves to a new state with a sufficiently large shear for the onset of the ERS confinement mode. This hypothesis is based on a widely accepted theory that the sufficiently large E × B flow shear will suppress the turbulent transport by enhancing the decorrelation rate of the fluctuations [9, 10, 11] . This mechanism of shearing of the eddies has been used to explain the role of E r found at the plasma edge when the L-H transition occurs and the edge transport barrier (ETB) forms [1] . It is interesting to notice that, in the ERS experiment in TFTR, as the calculation in Sec. 2 shows later, an E r field with a similar profile is now formed around the plasma central region inside the q min surface where the internal transport barrier (ITB) forms. The correlations between the structure of E r profile and the enhanced confinement modes make it important to find and evaluate some adequate mea-sure of E r shear stabilizing effects. One commonly used measure is the Hahm-Burrell E × B flow shearing rate ω s [11] , which is obtained from the analysis of the two-point correlation function evolution equation. In tokamak plasma, the fluctuation suppression effect depends on the ratio of the flow shearing rate ω s to the ambient turbulence decorrelation rate. Another measure of the E r stabilizing effect Υ s [12] arises from the linear ITG mode analysis, which is the ratio of the E × B flow shear to the magnetic shear. Sufficiently large Υ s would eventually reduce the ITG mode growth rate, indicating the stabilizing effect of E r shear in the presence of magnetic shear. E r shear effect is especially magnified around the q min surface in ERS discharge, where the disconnection of fluctuation occurs [13] and the internal transport barrier forms. Both measures of E r shear have been evaluated for RS and ERS discharges in this paper, and their significances are discussed. 
Neoclassical Calculation of E r
The simplest picture of E r in a toroidally rotating tokamak can be obtained from a Faraday generator. The Faraday generator is a conductor rotating in a perpendicular magnetic field.
Due to the rotational electromotive force (EMF), the potential drop dE across dr is
where E r is the radial electric field is formed cross the conductor due to the toroidal motion.
The magnitude of E r is simply the product of Ωr and B p , while its direction depends on the direction of the rotation. The tokamak plasma rotating along toroidal direction may be viewed as a Faraday generator, and E r generated in the laboratory reference frame is just the product of the toroidal rotation velocity and the poloidal magnetic field, assuming the distribution of density and pressure of plasma are uniform, and the poloidal rotation has been damped. Usually, the toroidal rotation of the plasma is driven by the neutral beam injection. In modern large tokamaks, the toroidal velocity reaches around 200 km/s, the poloidal magnetic field is about 0.2 T, giving E r approximately 40kV/m [14] . In DIII-D, the toroidal rotational velocity is high, over 300 km/s, and thus E r is dominated by the rotational EMF. In TFTR, the rotation speed is lower and the density and temperature gradients are of comparable importance.
When taking into account the nonuniformity of the density and temperature of the plasma, as well as the nonzero poloidal rotation, E r is modified as given in Eq. (1). Our goal is to calculate Eq. (1) from experimentally measurable quantities. In TRANSP data files there are the radial profiles of density and temperature of all ion species, as well as the toroidal rotation velocity of the impurity species, which is measured by using the Doppler shifted lines of the its charged ions. The poloidal rotation velocity u θi in Eq. (1) is not available in TRANSP data files, but is calculated in terms of density and temperature gradients below using the standard neoclassical transport theory.
In 13M approximation, the vector component of distribution function for species i is expanded in terms of fluid velocity u i and heat flux q i :
Below, for convenience, we follow [4] using q i to denote the quantity q i /( 5 2 p i ), which has the same dimension of velocity u i . Using this distribution function, we can get a set of closed moment equations. Among the moment equations, the two which involve poloidal flow u θ and q θ are the parallel momentum balance equations
In these two equations, the surface averaged ( ... ) stresses balance the friction along the magnetic field direction. Here, F 1i is the friction force from the collisions in the moment m i v, while F 2i is the equivalent heat "friction" force from the collisions in the moment m i v 2 v.
In Eq. (4), we have neglected the parallel electric force term n i e i BE = (n i e i /n e e)[ B · 
(L is the equilibrium scale length) using the conventional assumption that
We estimate these contributions in the Appendix.
Using the distribution function f (1) , the parallel component of stress and friction can be expressed in terms of poloidal flow and parallel flow respectively
where µ aj and l ab ij are the normalized neoclassical transport coefficients, while u θi , q θi , u j and q j are defined in Eqs. (10) and (11) . On the other hand, the perpendicular components of the flows u i and q i can be written in terms of radial gradient of pressure, temperature, and E r from the radial momentum balance equations
Combined with the incompressibility conditions ∇ · (nu) = 0, ∇ · q = 0, the relation between parallel flow and poloidal flow is obtained
Here, V 1 and V 2 represent the driving forces, Φ is the equilibrium electrostatic potential, u θ (ψ) and q θ (ψ) are functions of magnetic flux ψ only. Together with the above parallel momentum equations, a set of equations for poloidal flow is finally deduced
where
In our calculation, we consider 2 ion species, deuterium and carbon. Thus, the above equations for poloidal flows become a group of 4 linear algebraic equations with 4 unknowns.
In the friction-flow relations (7) [or in Eqs. (15)- (17) Specifically, the viscosities are given by [6] µ aj = 1.469
and the normalized friction coefficient matrix is given by [5, 6] 
, which measures the relative strength of the impurity ion species.
In Eq. (18), the factor 1.469(r/R) 1/2 is the small r/R expansion of the trapped particle fraction f t /f c , and f t and f c are defined in [6] . This approximation is valid here since a/R ∼ 0.94/2.6 ∼ 0.36 < 1 for the TFTR. The unnormalized form of the friction coefficient matrix L p is given in the appendix, where its symmetry properties are discussed.
The above neoclassical model gives a procedure for calculating the poloidal velocities of the working gas and impurity gas from their density and temperature profiles. The diagram in Fig. 2 summarizes the system in terms of the input, transform, and output information.
From the output poloidal flow velocities we can determine E r if the toroidal velocity of either the working gas or the impurity gas is known. For hydrogenic working gas there is no line emission and there is no direct measurement of the flow velocity. For the carbon component (impurity ion species), there is accurate spectroscopic measurement of its toroidal velocity.
From these measurements in TRANSP data files shown as the input in Fig. 3a , we compute the E r profile.
The driving terms, which are the radial gradients of the pressure and temperature, and the toroidal velocity of the impurity carbon are read and calculated from the TFTR TRANSP data files [2] as shown in Fig. 3a . By numerically calculating the neoclassical transport coefficients and solving the equations at each point along the minor radius of tokamak, we obtain the radial profiles of poloidal flow u θi and u θx in Fig. 3b . The E r formula (1) is valid for all ion species, so we use the measured toroidal flow and the calculated poloidal flow of carbon to get E r . We may also use the data for deuterium to calculate E r . The toroidal flow of deuterium u φi is not available in TRANSP data file for the reason explained earlier, but it can be inferred from the toroidal flow of carbon by formula
Through the above procedure, the input TRANSP data profiles n i (r), T i (r), n x (r), T x (r), and u φx (r), which are shown in Fig. 3a , are transformed into output data profiles of u θi (r),
, and E r (r), which are shown in Fig. 3b .
Now we can take a look at the motional EMF parts of E r and the full E r itself shown in Fig. 4 , which shows, as expected, that the motional EMF parts of E r and the full E r differs most around the transport barrier region, where the plasma pressure gradient is the largest.
Once the poloidal velocity u θi is solved for all species, the bootstrap current could also be obtained. Hence the above procedure also provides a means to calculate the bootstrap current, which does not depend on the radial electric field E r due to the neutrality condition.
The bootstrap current for the ERS discharge is thus obtained at t = 2.7 s, which agrees well with the bootstrap current profile in TRANSP data file.
Comparison with the Ernst's E r Formula
A simple model [4] of E r has been developed by using a low impurity (carbon) concentration approximation α 1. In this approximation, the impurity heat flux q x is neglected, and the four linear algebraic equations are decoupled into 2 independent sets of equations,
This leads to
Using the simple analytic solutions to the above equations, a reduced model of E r is obtained giving
which depends only on deuterium density, temperature, and carbon toroidal rotation velocity profiles. This expression for E r is of the zeroth order in the impurity strength parameter α. By keeping some terms proportional to α in solving the above decoupled two sets of equations for u θi and q θi , a more accurate approximate expression for E r could apply in the case α ∼ 1,
Expression (24) is the Ernst's E r -formula [4] and the case α 3 = 0 corresponds to Eq. (23) for almost pure plasma with trace impurity. In Fig. 5a , E r profiles computed from the above formulas (23) and (24) are compared with E r obtained in Sec. 2 for ERS discharge (t = 2.7 s).
It shows that both approximate expressions substantially overestimate the magnitude of E r .
The reason for this is that in the discharge for which we compute E r here, α ∼ 2 − 8, which falls outside the region where either approximate expression (23) or (24) applies.
This behavior of a spuriously-enhanced E r gradient can be further seen by multiplying α with a parameter in the friction coefficient matrix (19), i.e., α → α. Varying from 1 to → 0 when computing E r through solving equation (15), we see from 
E r shearing in RS and ERS Discharges
Using the method in Sec. (2), we calculate E r in reversed magnetic shear and enhanced magnetic shear experiments [2] , as shown in Fig. 7a and Fig. 7b respectively. In both experiments, E r radial profile has a 'well' structure inside the central region where the safety factor q is minimum. A similar 'well' structure appeared in DIII-D L-H transition, but there the 'well' is located at the plasma edge [1] . The correlation between the location of the E r 'well' and the minimum point of q(r), if any, is uncertain. As time evolves, E r 'well' develops from a rather shallow 'well' to much deeper one in both the RS and the ERS discharges. The difference between the two discharges is the magnitude and gradient of the E r that develops.
The E r in the ERS discharge is significantly larger and steeper than that in the RS discharge at all the time stages.
One theoretical measure of the effect of E r shearing rate is the Hahm-Burrell E × B flow shearing rate ω s
where ∆ψ 0 and ∆φ 0 are the ambient radial and toroidal correlation lengths measured in units of poloidal flux and radians respectively [11] . Their study shows that the fluctuation suppression occurs when the flow shearing rate ω s exceeds the decorrelation rate of the ambient turbulence. At the same times, e.g., t = 2.7 s, the ω s in ERS discharge is about two to three times as large as that in the RS discharge around the central region as seen in Fig. 8a . This suggests that the sufficiently large E r shear may account for the onset of ERS mode from the RS mode, as suggested in [2] . Note that the question of why E r is larger at this time may have to do with subtle changes in the turbulence and the core particle fueling and confinement at earlier times. Central particle fueling and confinement is thought to be a common element in the second type of enhanced performance discharges [17] .
Another relevant measure of E r shearing rate is the linear stability theory parameter
which measures the stabilizing effects of E × B flow shear in sheared magnetic fields [12] . 
where all the quantities in the expression are evaluated at the q min surface r min . The ∆r is then used to estimate the maximum value of Υ s in the q min region (Fig. 8b) , which is approximated by
Here, V E = R∂ r (E r /RB θ ). It can be seen in Fig. 8b that the Υ s profile thus obtained has a higher peak in the ERS discharge than in the RS discharge. In most of the central region inside the q min surface, Υ s is also larger in the ERS experiment than that in the RS experiment at the same time stage after the bifurcation as shown in Fig. 8b . We argue that these differences in Υ s contribute to the onset of ERS mode from RS mode due to the reduction in the turbulent transport as shown, for example, by the 3D simulation in [12] .
Discussion
From the TRANSP data files for the two matched high power TFTR discharges [2] , E r profiles are calculated based on the standard neoclassical theory. Comparison with the approximate analytical formula derived by Ernst shows that, due to the relatively high carbon concentration in the discharge, the analytical formula overestimates the magnitude and the gradient of E r profile, and the full neoclassical viscosity and friction matrices should be used. The comparison of the numerical result of E r with Ernst's analytical result shows the sensitivity of E r to the impurity fraction α. We show that for discharges with α ≥ 1 the full neoclassical coefficient matrix value of E r is reduced significantly and its gradient is reduced by a significant factor, due to the smoothing effect of the off-diagonal frictional forces. The results are clearly seen by the scaling α → α with 0 ≤ ≤ 1 shown in Fig. 5b .
Reduction of the maximum magnitude of E r is important to bring the poloidal Mach number
into the linear range of the neoclassical viscosity, which would otherwise fall into the nonlinear regime [20] .
Using the calculated E r profiles, we examined two measures of sheared E r effects in the reversed magnetic shear configurations. While the turbulence measure ω s appears to distinguish the ERS discharge from the RS discharge, the stability measure Υ s reveals more clearly the location where E r shear effect is most effective and hence where the internal transport barrier occurs. Although both E r shear and magnetic shear enter the parameter Υ s , the investigation presented here suggests that the location of the internal transport barrier is dominated by the location of the q min surface. Also, Υ s shows the essential difference between the RS and ERS discharges, which is mainly at and inside the q min surface. This difference may account for the bifurcation of ERS mode from RS mode. The stabilizing effect of sheared E r in reversed magnetic shear configuration seems to be more relevantly measured by the stability parameter Υ s , which demonstrates at least part of the correlation between E r shear effects and reversed magnetic shear effects, if not all. However, a more complete form of Υ s needs to be found within the neighborhood of q min surface in order to resolve the divergence problem with the current expression of Υ s derived from the second order perturbation theory.
In conclusion, the determination of the radial electric field within the neoclassical model that orders the turbulence effects as negligible requires the use of the full viscosity and friction coefficients of the working gas and impurity ions. Due to the relatively low levels of the fluctuations in the core of the tokamaks the linear stability theory parameter that depends on the ratio of the shear in the radial electric field to the shear in the magnetic rotation transform may control the transport barrier formation.
Appendix A: Physical Properties of the Friction-Flow Matrix
In neoclassical theory the viscosity matrix M and friction matrix L are defined in Eqs. (15)- (19) in a compact, dimensionless form that obscures the symmetries of arising from Newton's 3rd law. Here we transform to a physical form that recovers the symmetries and estimate the strength of the parallel deuterium-carbon friction force for this discharge in terms of an equivalent parallel electric field strength.
From the Coulomb cross-section for collisions between the deuterium (Z i = 1, m i = 2m H ) working gas and the carbon (Z x = 6, m x = 12m H ) impurity, it is clear that for T x = T i the friction force from the relative parallel flow velocities is
which by Newton's third law is equal and opposite to the force on deuterium due to collisions with carbon
Galilean invariance dictates that the friction force F 1 is only a function of the relative flow velocities u i − u x so as to be independent of reference frame, and Newton's third law gives that F 1a + F 1b = 0 for friction between species a and b. These symmetries are guaranteed by the collision operator. In terms of the physical friction matrix L p these two symmetries
In Eqs. (15) 
The contribution to E eff from the parallel thermal fluxes lowers the estimation in Eq. (A4) by approximately 10 mV/m. In neglecting the parallel electric field in Eqs. (4) and (5) and E ≤ (T e /qR)( n/n) to bound n E /n 0 ≤ 8 mV/m. 
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